Understanding the physical properties of magnetic skyrmions is important for fundamental research with the aim to develop new spintronic device paradigms where both logic and memory can be integrated at the same level. Here, we show a universal model based on the micromagnetic formalism that can be used to study skyrmion stability as a function of magnetic field and temperature. We consider ultrathin, circular ferromagnetic magnetic dots. Our results show that magnetic skyrmions with a small radius-compared to the dot radius-are always metastable, while large radius skyrmions form a stable ground state. The change of energy profile determines the weak (strong) size dependence of the metastable (stable) skyrmion as a function of temperature and/or field. These results can open a path toward the design of optimal materials for skyrmion based devices.
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Non-linear localized excitations have attracted the attention of physicists for a long time.
Such excitations, including solitary waves or solitons, play an important role in optics, quantum field theory, condensed matter and other fields. It is sometimes possible to associate integer numbers (topological charges) to the solitons, which are preserved in their dynamics. Topologically non-trivial magnetization configurations in ferromagnets, such as domain walls, vortices, and skyrmions are currently the focus of a lot of research activity. These spin textures are also candidates for nanoscale device applications-computational paradigms, magnetic storage and programmable logic-due to their small size [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] .
Skyrmion solutions were obtained first by Skyrme in the non-linear field theory [14] .
Subsequently chiral skyrmions were predicted [15] , and discovered experimentally in noncentrosymmetric cubic B20 compounds [16] [17] [18] [19] [20] which permit an antisymmetric anisotropic interaction, namely the Dzyaloshinskii-Moriya interaction (DMI). This arises from a relativistic correction and relies on spin-orbit interactions [21, 22] . Recent efforts have focused on materials with interfacial DMI-especially ultra-thin transition metal/heavy metal multilayers with large spinorbit coupling such as Co/Pt and Co/Ir [8, 23, 24] . The DMI, which corresponds to Lifshitz invariants in the micromagnetic energy functional, is necessary to yield axisymmetric skyrmions in ultrathin magnetic elements and the chiral skyrmions can be further stabilized by external magnetic field [8, 23, 24] . Temperature is usually considered to be detrimental to skyrmion stability, leading to either the transformation of the skyrmion state into a more energetically favorable state [25] or to nucleation of multiple skyrmions and labyrinth domains [8, 23, 24] . In addition, recent roomtemperature experiments with an external out-of-plane magnetic field [8, 23] , showed a strong nonlinear dependence of the skyrmion radius on the external field strength pointing out the key role of the external field.
Rohart et al. [26] Our work is motivated by the lack of understanding the skyrmion size and stability as a function of control parameters such as temperature and external field in a finite-size sample. Here, we provide a simple analytic tool for developing materials and geometries which can host skyrmions in a target temperature and field window. Particularly, the analytical model predicts weak/strong dependence of skyrmion size on control parameters which is further confirmed by numerical modeling. This would provide a simple analytic tool for developing materials and geometries which can host skyrmions in a target temperature and field window.
Here, we develop a theoretical approach to skyrmion stability based on minimization of the magnetic energy using a skyrmion ansatz in confined geometries. We show that the thermal evolution of skyrmion size in ultrathin dots is best expressed in a Q-d phase space of the skyrmion quality factor ,  as functions of . We also assume that the static skyrmion centered in the dot is axially symmetric and use the equations
In seeking a general expression for the dependence of the skyrmion size on both temperature and external magnetic field, and to overcome drawbacks of previous approaches in estimating the skyrmion radius [28] (see note 1 in the Supplemental Material), we developed an analytical approach using a different skyrmion ansatz from Ref. [26] . 
that is close to the Callen-Callen relation [32] . in the Supplemental Material). We obtain 1.5   , consistent with other recent results [33, 34] .
To benchmark the theory, we consider a circular nanodot (e.g., Co) of diameter 2 d R =400 nm and thickness of 0.8 nm assumed to be in contact with a thin layer of heavy metal (e.g., Pt) giving an appreciable interfacial DMI. We performed systematic micromagnetic simulations to calculate the skyrmion size as a function of the out-of-plane external field H ext (from 0 mT to 50 mT) and temperature (from 0 K to 300 K) integrating the Landau-Lifshitz- [8] , and Gilbert damping G  =0.1 [38] . As a reference, Rohart's critical DMI value C D =3.48 mJ/m 2 for our parameters at T=0 K [26] .
Temperature causes the skyrmion to diffuse and leads to fluctuations of the diameter and deformations of the skyrmion shape [27, 39, 40] , losing the circular symmetry. We therefore calculated the effective diameter by assuming that the area of the skyrmion core (here it is the region where the z-component of the magnetization is negative) is equivalent to a circle [27] . The skyrmion diameter and perimeter display approximately Gaussian statistical distributions [28] (see note 3 in the Supplemental Material) with increasing widths with temperature. The application of the magnetic field significantly decreases both mean and standard deviation of the distributions. green triangles in Fig. 1(b) ). Our computations show that two thermal/field regimes exist: at high temperature (T>200 K) and low field (H ext <10 mT), the skyrmion size is strongly influenced by thermal fluctuations, whereas at low temperature (T<200 K) independent of the field, or at high temperature and high field (H ext >10 mT), the skyrmion is weakly affected by thermal fluctuations.
These different behaviors were not observed in Ref. [27] , because with the parameters used, the skyrmions were always in the metastable region. Calculating the skyrmion diameter as a function of the external field for T=300K (Fig. 1(c) ) there is a large, non-linear expansion of the diameter and larger variance as the external field is reduced. This is consistent with the experimental results in
Refs. [8, 23] .
By including the scaling relations (calculated from atomistic simulations) in the analytical approach, the results are in agreement with micromagnetic simulations until the skyrmion is in the metastable region far from the boundary of the stable region [28] (e.g. when T<200 K for H ext =0 mT, see note 3 in the Supplemental Material). When approaching the ground state region, the confining potential-due to the magnetostatic field and the DMI boundary conditions-starts to play a significant role in fixing the skyrmion size [11, 26] , and the skyrmion diameter depends on the dot size. To account for this, we consider the scaling exponent  of the uniaxial perpendicular
as a fitting parameter. This is because the analytical model is developed within the thin-film approximation where the effective anisotropy is computed as
, but the numerical micromagnetic solution includes the full magnetostatic calculation. By performing athermal (deterministic) micromagnetic simulations [28] (see note 3 in Supplemental Material), an excellent agreement is found for  =3.585. With this value, we can calculate the skyrmion diameter dependence on temperature and field by Eq. (2) (dashed lines in Fig. 1(b) ). The analytical (ansatz Eq. (2)) and micromagnetic results agree well and we conclude that our analytical expression is accurate in predicting the skyrmion size for arbitrary temperature and external field combinations. (Fig. 3(a) ). The increase of parameter d leads to the stabilization of the skyrmion state and a rapid expansion of the skyrmion radius. This effect is especially strong at ext H =0 mT. A finite value of the field ext H opposing the skyrmion core magnetization, results in a contraction of the skyrmion radius and the skyrmion radius weakly increases with T. In other words, the skyrmion radius increase is suppressed by the finite magnetic field which does not occur at zero field. space. This is realized for our dot magnetic parameters from T= 200 K to T=350 K (green points in Fig. 3 (a) ). In this case, the skyrmion radius at T=0 K is small, but it shows a strong dependence with increasing temperature
For further increasing of T up to 400 K, the skyrmion reaches the area of its stability (magenta point in Fig. 3(a) ) crossing the uniform state-skyrmion equilibrium line (red dashed line in Fig.   3(a) ). At this line the skyrmion energy is equal to the perpendicular uniform state energy,
the skyrmion radius is large and depends on the confining potential. In particular, the skyrmion radius calculated from deterministic micromagnetic simulations with scaled values of the parameters (corresponding to T=400 K) is much larger than the skyrmion radius for T=300 K (compare spatial distribution of the magnetization in Fig. 3(b) with the one in Fig. 3(c) ). In the region of stability where the skyrmion is the ground state of the ferromagnet, the ratio / sk R R is a weak function of all parameters.
On the other hand, when considering in the micromagnetic simulations thermal fluctuations at T=400 K, we observe large deformations of the skyrmion which turns into a "horseshoe"-like configuration as already observed in experiments [8] , while it remains quasi-circular for T=300 K (see insets in Fig. 3(a) ). We do not consider here stabilization of multiple skyrmions or labyrinth domain textures, assuming that the parameter d is not very large and we are always in the area of the single skyrmion stability.
Understanding how to move skyrmions between the metastability and the confined ground state can be exploited to enhance the electrical skyrmion detection [40] . Fig. 4 shows a racetrack memory device where the skyrmions in the track are metastable and therefore small-giving a high storage density. The skyrmions are detected under a magnetic tunnel junction (green square) with a polarized layer with a magnetization pointing along the out-of-plane direction which generates a dipolar field parallel to the skyrmion core magnetization. This field can modify the stability properties of the skyrmion in the region below the contact, moving it through the Q-d phase space.
By shifting the skyrmions across the line of stability, their radius will expand significantly making it much easier to detect from the tunnel magnetoresistance signal (see Supplemental Material Video 1 [28] ). After leaving the detection regions, the skyrmions will return to their small size in the metastable region of the Q-d diagram.
In summary, we developed a theoretical framework describing the skyrmion stability in 
where the perpendicular field ext H is opposite to the skyrmion core magnetization.
It can be shown that the skyrmion radius given by Eq. The scaling laws are then found by fitting the relations (see Fig. S4 )
giving the exponents =1.498 +/-0.001 and DMI =1.495 +/-0.007. These results are consistent with literature [6, 7] . In particular, they depend on the lattice structure and generally are materialspecific. Since the micromagnetic simulations are conducted on a square lattice, the bulk scaling exponent  is expected to be approximatively 1.6 [6] .
Figs. S5 and S6 display histograms of the statistical distribution of the skyrmion diameter and perimeter, respectively, for different external magnetic fields and temperatures. All the histograms are characterized by a Gaussian distribution, but the application of the field or reduction of the temperature significantly decrease both mean and standard deviation, as indicated in the figures.
In order to micromagnetically obtain the scaling exponent  of the uniaxial perpendicular anisotropy, we considered  as free parameter. We performed athermal (deterministic) micromagnetic simulations, where the thermal effect was included through the scaling relations of A(T), u K (T) and D (T) rather than including the stochastic field h th . As can be seen in Fig. S7(a) , the best fitting has been achieved by considering = 3.585. This  and the temperature dependence of the saturation magnetization are the input parameters of the analytical theory.
If we consider the scaling relations as calculated from atomistic simulations, we find results in agreement with micromagnetic simulations until the skyrmion is in the metastable region far from the boundary with the ground state region (see Fig. S7 (b) for T<200 K).
with scaled values of the macroscopic parameters (a) =1.5, =1.5, =3.585, and (b) =1.5, =1.5, =3.03. 
